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Completely randomized experiments

A completely randomized experiment is a classical randomized
experiment with an assignment mechanism satisfying b

W+ =

{
W ∈ W |

N∑
i=1

Wi = Nt

}
(1)

for some present Nt ∈ {1, 2, · · · ,N − 1}

•
(

N

Nt

)
assignment vectors in W+ are equally likely.

• Pr(W |X ,Y (0),Y (1)) =


 N

Nt

−1

, if
∑n

i=1 = Nt

0, otherwise

Model-Based Inference for Completely Randomized Experiments 4



Missing values for estimating treatment effect

τfs = τ(Y (0),Y (1)) =
1
N

·
N∑
i=1

(Yi (1)− Yi (0)) (2)

Yi (0) =

 Ymis
i if Wi = 1,

Y obs
i if Wi = 0,

and Yi (1) =

Ymis
i if Wi = 0

Y obs
i if Wi = 1

(3)

τfs = τ(Y (0),Y (1))

=
1
N

·
N∑
i

((
Wi · Y obs

i + (1 −Wi ) · Ymis
i

)
−

(
(1 −Wi ) · Y obs

i +Wi · Ymis
i

))
=

1
N

·
N∑
i=1

(
(2 ·Wi − 1) ·

(
Y obs

i − Ymis
i

))
= τ

(
Y obs,Y mis,W

)
(4)

τ̂ = τ̂
(
Y obs, Ŷ mis,W

)
=

1
N

·
N∑
i=1

(
(2 ·Wi − 1) ·

(
Y obs

i − Ŷmis
i

))
(5)
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Single Imputation
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Multiple Imputation
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The four steps of the bayesian approach

1 Derivation of p(Y mis|Y obs,W , θ)

• p(Y (0),Y (1)|W , θ) = p(Y (0),Y (1)|θ)
∵ completely randomized experiment

2 Derivation of p(θ|Y obs,W )

• Assume θ ∼ p(θ)

3 Derivation of p(Y mis|Y obs,W )

• Use 1, 2 and integrating out θ.

4 Derivation of p(τ |Y obs,W )
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Simulation Example

(
Yi (0)
Yi (1)

)
| µc , µt ∼ N

((
µc

µt

)
,

(
100 0
0 64

))
(6)

1 Get p(Y mis|Y obs,W , µc , µt) by step 1.

2 Get p(µc , µt |Y obs,W ) by step 2.

3 Sample the µ
(1)
c and µ

(1)
t from p(µc , µt |Y obs,W ).

4 Impute the Y mis,(1) by 1 and 3.

5 Compute τ̂ (1)

6 Repeat 1 ∼ 3, get τ̂ (k), k = 1, · · · ,K
7 Get sample mean and standard deviation.
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Dependence between potential outcomes

(
Yi (0)
Yi (1)

)
| θ ∼ N

((
µc

µt

)
,

(
σ2
t ρσtσc

ρσtσc σ2
c

))
(7)

• θ = (µc , µt , σt , σc , ρ)

• Step 1.

Ymis
i | Y obs

i ,Wi ,Xi ,θ

∼ N
(
Wi · (µc +

σc
σt

(Y obs
i − µt)) + (1 −Wi ) · (µt +

σt
σc

(Y obs
i − µc),

(1 − ρ2)(Wi · σ2
t + (1 −Wi ) · σ2

t )

)
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Bayesian model-based imputation with covariates

(
Yi (0)
Yi (1)

)∣∣∣∣Xi ,θ ∼ N

((
Xiβc

Xiβt

)
,

(
σ2
c 0
0 σ2

t

))
(8)

• θ = (βc , βt , σc , σt)

• Ymis
i | Y obs

i ,Wi ,Xi , θ ∼
N
(
Wi · Xiβc + (1 −Wi ) · Xiβt ,Wi · σ2

t + (1 −Wi ) · σ2
t

)
• Analytic solutions are difficult to obtain. In this case, we can

get τ̂ by simulation study.
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